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Abstract 

We study hereditary properties of the class of countable groups ad- 
mitting an amenable, transitive and faithful action on a countable set. 
We consider mainly the case of amalgamated free products, and we show 
in particular that the double of amenable groups and the amalgamated 
free products of two amenable groups over a finite subgroup admit such 
actions. 



1 Introduction 

Let G be a countable group acting on a countable set X . 

Definition 1.1. The action of G on X is amenable if there exists a G-invariant 
mean on X, i.e. a map fj, : 2^ ^ ^(^) [0, 1] such that fi(X) = 1, n{AuB) = 
fJ.{A) + niB) for every pair of disjoint subsets A, B of X, and iJ.{gA) = fi{A), 
\/g e G, VA C X. 

A group is amenable if the action on itself by left multiplication is amenable. 

The above definition is equivalent to the existence of a F0lner sequence, i.e., 
a sequence {j4„}„>i of finite non-empty subsets of X such that for every g € G, 
one has 

lim = 0. 

The class A of countable groups admitting an amenable, transitive and faith- 
ful action on a countable set is introduced by Glasner and Monod in . Whilst 
the class A is closed under direct products, free products and extension of 
co-amenable subgroups Q (Proposition 1.7. in [5]), it is not closed under amal- 
gamated free products even if two factors are amenable groups. Indeed, viewing 
the group 5^2 (^) as an amalgamated free product 

SL2{Z) ^ (Z/6Z) *(z/2Z) (Z/4Z), 
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tA subgroup H < G is co-amenable in G if the G-action on G/H is amenable. 
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one can see the group 57^2 (Z) x as the amalgamated free product G *aH oi 
G = Z/4Z K Z2 and H = Z/6Z k Z^ along A = Z/2Z k Z^. Notice that the three 
groups G, -ff and A are in ^ since they are amenable, but the amalgamated 
free product is not in A since the pair (S'L2(Z) k Z^, Z^) has relative Property 
(T) and 7? does not have finite exponent (it follow from Lemma 4.3. in [2] 
that if G G ^ and the pair (G, H) has relative Property (T), then H has finite 
exponent, i.e. there is an integer n such that for every h £ H, h"" — 1). 

The purpose of this paper is to investigate some hereditary properties of the 
class A in case of amalgamated free products. Our first result is (see Proposition 
131): 

Theorem 1. Let G be a group such that G surjects onto an amenable group 
H . If A is a common subgroup of G and H such that 7t\a is injective and 
[H : A] > 2, then the amalgamated free product G *a H is in A. In particular, 
if G is amenable, the double of G over A is in A, for every subgroup A of G. 

In case of double of free groups on two generators over a cyclic subgroup 
1^2 *z ^2 , it was proven in [3] that any finite index subgroup of such group is in 
A. Let us mention that this result was generalized to amalgamated free products 
of any free groups over a cyclic subgroup (called cyclically pinched one-relator 
groups) F„ *z ]F„i, Vn, m > 2 in 13]. 

Our second theorem concerns amalgamated free products over a finite sub- 
group (see Proposition H]). In particular we show: 

Theorem 2. Let G and H be countable groups and A be a common finite 
subgroup of G and H. If G is an infinite amenable group and there is a H-set 
Y such that the H-action is amenable and the action of A on Y is free, then 
G *A H is in A. 

As corollaries, the amalgamated free product of an infinite amenable group 
and a residually finite group over a finite subgroup (for instance SL^CZ) *a G 
with any infinite amenable group G and a common finite subgroup A) is in A 
(Corollary [5]); and the amalgamated free product of two amenable groups over 
a finite subgroup is also contained in A (Corollary |9]). 

Acknowledgement. I would like to thank Nicolas Monod for useful discussions 
and Alain Valette for his valuable comments on a previous version of this paper. 

2 Hereditary properties of A 
2.1 Double of amenable groups 

An amalgamated free product G *a H called double of G over A ii H is iso- 
morphic to G and the amalgamated subgroup of H is given by the isomorphism. 
Such a group has a presentation (G, 4'{G)\a = (t){a), Va G A) where (j) : G ^ H is 
an isomorphism. As mentioned above, in general the amalgamated free product 
is not in A even if the factors are amenable groups. But it is true if the amalgam 
is a double; or more generally, if one factor surjects onto the other factor which 
is amenable with some extra condition (Theorem [T|) : 
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Proposition 3. Let H be an amenable group and let tt : G ^ H be a group 
epimorphism and let A < G be a subgroup such that ttIa is injective and [H : 
''^i-^)] ^ 2. Then the amalgamated free product G *a H given by n, i.e. 

G*aH = (G, H\'K{a) =a,\fae A) 

is in A. In particular, if G is amenable, the double of G over A is in A. 

Proof. Let ^iG^yiiJ— >-ffbea homomorphism defined by ^pid) = ""(s); ^-nd 
'i{j{h) = h for all 5 e G and h e H. Let Ker(i/') = N. Let X be the Bass-Serre 
tree oi G *a H and Y = N \ X he the quotient graph. Since N intersects A 
trivially, by the theory of Bass-Serre, N is isomorphic to the free product 

where if is a free group isomorphic to the fundamental group tti (Y, T) of the 
graph Y relatively to the maximal tree T which is generated by gy with y d 0—T 
where O is an orientation of Y , and Hi is the intersection of N with a conjugate 
of some factor oi G *a H (cf. Remarque in p. 61 in |7]). Thus in order to have 
K 7^ {!}, it suffices that the quotient graph Y — N \ X is not a tree. If there 
exist a; e G and h ^ N such that hH — xH and HA ^ xA (see Figure [Ij, then 
the quotient graph Y will have a circuit of length 2. 

Thus, it is sufficient to find x & G and h G N such that x d G \ A and 
x^^h e H\A. 

By assumption on the index of tt{A) in H, there exists z G H\ tt{A) so that 
e H \ t:{A). Let x € G\A such that n^x) = z. Let h = a:7r(x^^). Then 
ip{h) — ip{x)ip{TT{x~^)) — tt{x)tt{x^^) = 1, so h E N, and we have 

x-^h = x-'^xn{x-'^) = tt{x-^) = z-^ eH\A. 

Therefore, the normal subgroup is a free product K*{*iHi) with K ^ {!}, 
and the quotient is the amenable group H. Recall that a non-trivial free product 
Gi*G2, where Gi is a free group for some i G {1, 2}, is always in A from Theorem 
1.5 in [2]. Recall also that the class A is closed under extension of co-amenable 
subgroups. It follows that N is co-amenable yuG^aH and is in A, thus G^aH 
is in A. For the second statement, take tt = Idc. □ 

2.2 Amalgamated free products over a finite subgroup 

Definition 2.1. Let G, H be two countable groups and let ^ be a common 
finite subgroup of G and H . We say that the triple (G, H, A) is in the class A' 
if there exist a G-action on X and a iJ-action on Y such that 
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(i) the action G r\ X is transitive; 

(ii) for every element g oi G \ A, and h oi H \ A, the sets 

supp^Cg) ^ {x e X\Ax n gAx = 0} 
supp^(/i) = {x eY\Ax n hAx = 0} 

are infinite; 

(iii) there exist F0lner sequences {C„}„>i oi G r\ X and {-Dn}ri>i oi H r\Y 
such that 

(iii)-l. \Gn\ - \Dn\,yn>l; 

(iii)-2. the sets {A ■ C„}„>i, {A ■ Dn}n>i are pairwise disjoint; 

(iv) the action of ^4 on X and Y are free. 

Note that if (G, H, A) e A' then G e A. 
Proposition 4. // (G, H, A) e A' then G*aH &A. 

Proof. Let X be a countable set carrying actions of G and H as in the definition. 
Since A acts freely in the two actions, conjugating we may assume that the G- 
action and the iJ-action coincide on A. 

First of all, let us recall that the group SymiX) of permutations of X en- 
dowed with the topology of pointwise convergence^ is a Baire space. Recall that 
a subset Y C Sym{X) is meagre if it is a union of countably many closed subsets 
with empty interior; and generic or dense Gg if its complement Sym{X) \ Y is 
meagre. Baire's theorem states that in a complete metric space, the intersection 
of countably many dense open subsets is dense, in particular not empty. Thus in 
order to find a permutation a oi X having the properties {Pi\i>i, it is enough 
to prove that the set 

Ui — {a ^ Sy7n{X)\a satisfies the property Pi} 

is generic in Sym{X) and take a e r\i>ilAi. 

Now let {G„}„>i (respectively {l?„}n>i) be the F0lner sequence for G 
(respectively for H) satisfying the condition (iii) as in Definition 12.11 Set 
Z = {(T G Sym{X) \aa — aa, Va G A}\ this is a closed subset in Sym(X) 
so it is a Baire space. For a E Z, denote by H'^ = a^^Ha. By universality, the 
amalgamated free product G *a H"^ acts on X hy g ■ x = gx and h - x = a~^h<7x 
for all g G G and h £ H. We shall prove that the sets 

d = {cr G Z\ the action G *a H"^ on X is faithful }, 

and 

©2 = {c G Z\ there is a subsequence {n^} of n such that (t(G„^) = 
are generic in Z . 

sequence On G Sym{X) converges to o G Sym(X) if for all finite subset F of X, tliere 
exists no such that cinlF = Q^Ifi for all n > no- 
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Indeed, for the genericity of Oi, we shall prove that for every non-trivial 
word w £ G *A H, the set 

V,„ ^{aeZ\w^ = Idx} 

is closed and of empty interior. It is clear that the set Vw is closed. To 
prove that the set Vw is of empty interior, let us consider the case where 
w = agnhn • • ■ gihi with a G A, gi G G \ A and hi G H \ A (the other three 
cases are similar). The corresponding element of Sym{X) given by the action 
is w"' = agncr~^hna ■ ■ ■ gia~^hia. Let a G Vw Let _F C X be a finite subset. 
Choose Xo ^ FUcr(F) such that Axor]{FUa{F)) = 0. Inductively on 1 < i < n, 
we choose a new point X4i^3 G supp^(/ii) such that Axai-z and hiAx/^i-z are 
outside of the finite set of all points defined before (this is possible by (ii) in 
Definition 12. ip . Then we define 

a' {ax4i^4) :— ax4i^3 f^nd cr' {aa^^ {x4i-3)) := aa{x4i^4), 

for all a G A. Then set X4i-2 '■= hiX4i-3. We choose again a new point 
X4i^i e supp^((7i) such that Ax4i-i and giAx4i-i are outside of the finite set 
of all points considered so far. We then define 

a'{ax4i-i) :— ax4i-2 and a' {aa^^ {x4i-2)) '■= cia{x4i-i), 

for all a G A. Then set X4i := giX4i-i. 

Every point v on which a' is defined verifies a' aiv) = aa'{v), Va G A. Indeed, 
let a, a' G A. Then, 

• a' a[a' X4i-4) = a' {aa' X4i^4) — aa'x4i-z =^ a(ci'a^4i-3) = aa' (a'x4i-4); 

■ a'a{a'a^^{x4i-3)) = O''{o,a'a^^{x4i^3)) — aa'a{x4i-4) — a{a'a{x4i^4)) = 
acr'(a'(T"^(a;4i_3)); 

• (7'a{a'x4i-i) = a'{aa'x4i^i) = aa'x4i-2 = a(a'2^4i-2) = ac'(a'a;4i_i); 

■ a' a{a' {x4i-2)) = a' {aa' a^'^{x4i^2)) = aa'a{x4i-i) = a{a'a{x4t^i)) = 
aa'{a'a~'^{x4i-2))- 

By construction, the 4n+ 1 points obtained by the right subwords of are 
all distinct and in particular w'^ xq xq. We then define a' to be a on every 
points except these finite points, so that a' G Z \ V^ satisfies (t'|f = cr|i?. This 
concludes the genericity of Oi . 

About the genericity of O2, let us write O2 = Clj^^j^icr G Sym{X)\ there 
exists m > N such that a{Cm) — Din}- We shall show that for every N G N, 
the set Vat = {cr G Sym{X)\ym > N,a{Cm) ^ F>m} is of empty interior (the 
closedness is clear). Let C X be a finite subset and cr G Vat. Let m > N 
large enough such that A-Xin{FU a{F)) = and A • y, n (F U a{F)) = 0, for 
every Xi G Cm and yi G Dm, Vz; this is possible by (iii)-2. of Definition 12.11 By 
(iv) of Definition 12.11 we have |j4 • x^j = |A • Vi. We then define 

(T'{axt) := ayi and a' {aa^^ {y^)) := aa^Xi), 

for every 1 < i < \Cm\ = \Dm\ and a G A. For all other points, we define a' to 
be equal to a so that a' G Z \ Vn and a'lp = o'If- 
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Let cr e Oi n 02- Let {C„^,}fc>i be the subsequence of {C„}„>i such that 
^(Crifc) = Dn^, Vfc > 1. The sequence {C„j^}fc>i is a F0lner sequence for G, and 
for every h £ H, we have 



k^QO \Cnk\ fe^oo l^n^, I fc^oo |C„j.| 

/c->oo \Dnk I 

Thus the sequence {Cn^}k>i is a F0lner sequence for G *a H'^ , and therefore 

G *A -ff"" is in A. □ 

Remark 2.1. 1. The condition (ii) in Definition 12.11 is trivially satisfied if 
the G- action on X is free (which implies that G is amenable). 

2. About (iv) in Definition 12.11 this condition is used in the proof of the 
genericity of Oi and 02 where, given any two points x and y, we needed 
to have \Ax\ = \Ay\ in order to define a' such that a' [Ax) = Ay. 

The following lemma shows that given two infinite amenable groups, one can 
always find F0lner sequences having the same cardinality. Precisely, we have: 

Lemma 5. Let G, H be infinite amenable groups. Then there exist F0lner 
sequences {G„}„>i of G and {I?„}„>i of H such that |G„| = |I?„|, Vn > 1. 

Proof. We shall show that for any e > 0, any finite subset F C G and any finite 
subset E C H, there exist a finite subset G' C G and a finite subset D' C H 
such that G' is (e, i^)-F0lner and D' is (e, £')-F0lner verifying |G'| = \D'\. 
Recall that a finite subset A C G is (£,F)-F0lner if 

\A A gA\ < e\A\, \/g e F. 

By amenability of G, there is a finite subset Go C G which is (e, f )-F0lner. Let 
{F>n}n>i be a F0lner sequence of H. Let n 1 large enough such that 

(1) Dn is (e/4,£;)-F0lner; 

(2) \Dn\ > A|Go|, where A = max {8/£,2}. 

By Euclidean division, there exist d, r G N such that |£)„| = c?|Go| + r with 
r < |Go|. Let gi, . . . , £ G such that {Go5i}i are pairwise disjoint. We put 
C Uti Co5»- Then G' is (e, i^)-F0lner and |G'| = d|Go|. 

Now let D' := £>„ — {xi, . . . ,3:^} be a subset of £)„ obtained from by 
deleting any r elements of Dn- Then \D'\ = |Z?„| — r = d|Go| = |G'|. We claim 
that D' is (e, £')-F0lner. Indeed, we have 

_ \D„\ _d\C,\+r _^ ^ r I 1 



l^'l rf|Go| d|Go| d|Go| d 

since r < |Go| and \Dn\ = d|Go| + r > A|Go| S0(i>A — l>lby definition of A. 
In addition, we have 

ID' A AJ r r 1 e 

< TTTTT < ^ < 



\Dn\ A|Go| A 
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Therefore, 



\D' A hD'\ 
\D'\ 



~ \D'\ V 



\Dn\f\D' AD, 



Dn A hDn\ \hDn A hD' 
\D^\ ^ \D^\ 



) 




for every h G E. 



□ 



Lemma 6. // there exist amenable actions of G and H , then there exist G- 
action and H-action such that the actions admit F0lner sequences {C„}„>i for 
the G-action and {I?n}n>i for the H-action with |C„| — \Dn\, Vn > 1. 

Proof, li G r\ X amenably, we replace X by a disjoint union of infinitely many 
copies of X and use the same idea as in the proof of Lemma [S] if Co G X is 
(e, F)-F0lner, we put G' to be d copies of Cq in d disjoint copies of X. □ 

Now we are ready to prove Theorem O 

Corollary 7. Let G and H be countable groups and A be a common finite 
subgroup of G and H. If G is an infinite amenable group and there is a H-set 
Y such that the H-action is amenable and the action of A on Y is free, then 



Proof. Let {C„}„>i be a F0lner sequence of G. First of all, we can suppose that 
the sequence {A ■ C„}„>i is pairwise disjoint. Indeed, if {C„}„>i is a F0lner 
sequence of G, we define {C'j}„>i inductively on n; let G[ := Gi and for every 
n > 1, we choose /i„ G G such that AGn+ihn n {U^^^AG'^) = 0, and we set 
G'^^i ;= Gn+ihn- Moreover, if {-D„}„>i C F is a F0lner sequence for _ff-action, 
we can also suppose that the sequence {A ■ is pairwise disjoint. Indeed, 

let Yq = \Ai>iYi where = K, Vi > 1 be a disjoint union of infinitely many 
copies of Y . Then the if- action on Yo is amenable with a F0lner sequence 
Dn C Yn, Vn > 1 such that {A ■ -D„}n>i is pairwise disjoint. In addition, by 
Lemma ini we can suppose that |G„| — \Dn\, Vn > 1, so that the condition (iii) 
in Definition 12.11 is verified. 

Now we consider the ii-action on Y' := H Li Yq. The action satisfies the 
condition (ii) of Definition 12.11 (for the //-action) since the iJ-action on itself 
is free, and the action of A on Y' is free (since the A-action on H is clearly 
free and the A-action on Yq is free by assumption). Finally let G = X. The 
G-action on itself is transitive and free. Thus the triple (G, H, A) is in A' . □ 

Corollary 8. // G is infinite amenable group and H contains a finite index 
normal subgroup N with N H A = {1}, then (G, H, A) G A' . 

It follows from Corollary [7] by taking Y = H/N. So for example if H is 
residually finite, applying Proposition 2] we see that G *a is in .4 for every 
finite subgroup A of G and H. Besides, with A = {1}, we find a particular case 
of the result of Glasner-Monod; if G is amenable, then G * iJ G ^ for every 
countable group H. 



{G,H,A) G A'. 



Corollary 9. Let G, H be amenable groups and let A be a common finite 
subgroup of G and H. Then the amalgamated free product G *aH is in A. 
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Proof. The cases where G or H is infinite follow from Corollary [7] and Propo- 
sition 2] So let G and H be finite groups. From a result of Baumslag [T], if G 
and H are finite groups, then the amalgamated free product G *a H contains 
a free subgroup of finite index. So G *a H is in A since A is closed under the 
extension of co-amenable subgroup. □ 

Remark 2.2. When G is a finitely generated group with polynomial growth, 
Lemma [5] can be strengthened. Indeed, in this case G admits F0lner sequences 
of any prescribed size. More precisely, let {a„}„>i be a strictly ascending se- 
quence of positive integers. Let G be an infinite finitely generated group with 
polynomial growth. Then G has a F0lner sequence {Fn}n>i such that = a^, 
Vn > 1. 

Proof. Let 5 be a finite symmetric generating set of G. Denote B{k) the ball of 
radius k centered at 1 in the Cay ley graph G{G, S). Let fc„ such that \B{kn)\ < 
a„ < \B{kn + 1)|. We choose a finite subset Kn such that Kn n B{kn) — 
and \Kn\ = a„ — \B{kn)\, and set F„ := B{kn) U Kn, Vn > 1. Recall that the 
boundary dA of A is the set of edges (s, t) such that s £ A and t ^ A. We have 

|9F„| ^ |9B(fc„)| \dKn\ ^ \dB{kn)\ , |9X„| 



l-F^I - \Fn\ \Fn\ - \B{kn)\ \B{kn)\ 

^ \dB{kn)\ ^ \Kn\ ^ \dB(kn)\ ^ |i?(fc„ + 1)1 - \B{kn)\ 



\B{kn)\ ' '|S(fc„)| - |B(fc„)| ' ' \B{kn)\ 

^ \dB{kn)\ ^ ^^^ \dB(kn)\ ^ ^ 



|B(fc„)| ' ' |B(fc„)| - ^ ' " |B(fc„)| ■ 

By a result of Pansu ||6 , a group with polynomial growth with degree d satisfies 

^-^^ > C, for some G > 0. Thus in such a group, the sequence of all balls 

is a F0lner sequence. This applies to our case and thus l^-Fnl/lFnl > 0. □ 



2.3 Central extensions 

From the idea of Lemma 7.3.1 in fF, we have: 

Lemma 10. Let 1— j-Z— s^G^Q— >-l be a central extension. Suppose that 
there is a co-amenable subgroup H < Q such that H ^ A (so Q is also in A) 
and the central extension splits over H (i.e. the central extension 1 ^ Z ^ 
p-^{H) A iJ ^ 1 splits). Then G e A. 

Proof. Since the extension splits over iJ, the group p^^{H) is a semi-direct 
product of Z and H, but Z is central so p~^{H) is indeed isomorphic to the 
direct product Z x H. Since Z E A {Z is amenable) and H E Ahy assumption, 
the group p^^{H) is in A. Moreover, the map G/p~^{H) Q/H defined by 
gp^^{H) I— > p{g)H is G-equivariant and bijective, so the co- amenability of H in 
Q implies the co- amenability of p^^{H) in G, thus G <E A. □ 

Example 2.1. (Example 7.3.4. in [S]) For p, q > 2, a. Torus knot group Fp.g 
is the group with the presentation Tpg = {x,y\xP = t/^). There is a central 
extension 

^ Z ^ Tp^g Z/pZ * Z/qL 1, 
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where Z ~ {xP = y^), Z/pZ ~ {x\xP = 1) and Z/qZ ~ (2/|y« = 1). 

The free product Z/pZ * Z/qZ has a finite index free subgroup F over which 
the central extension sphts. Thus the group ^p^q is in A by Lemma [TUl 

Example 2.2. Let M be a 3-manifold which is constructed as a fiber bundle 
over a closed orientable surface with fiber a circle. Such a 3-manifold is an 
orientable Seifert fibred space. There is a central extension 

^ Z 7ri(Af) A Fg -4 1, 

where is the fundamental group of the closed orientable surface of genus 
g > 2. The derived subgroup F^ is co- amenable in F^ and T'g G A since F^ is 
free (since [F^ : F^] is infinite). Thus we have a central extension that splits: 

i^z^p-i(F;) Af;^l 

Therefore 7ri(A/) is in A by Lemma [TOl 
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